[25] Parameter Estimation in Binary Mixtures
of Phospholipids

By E. E. BRUMBAUGH and C. HUANG

Background

The basic information regarding the mixing behavior of two component
phospholipids in the two-dimensional plane of the lipid lamella at various
temperatures is contained in the temperature—composition binary phase
diagram, or simply the phase diagram, for the binary lipid system. It has
been well documented that many types of phase diagrams can be exhibited
by binary membrane lipids.!> Some of the most commonly observed phase
diagrams are shown in Fig. 1. These various phase diagrams reflect the
miscibility and/or immiscibility of the component lipids in the gel, the
liquid—crystalline, and the two coexisting phases over a certain range of
the lipid composition.

The miscibility of the two phospholipids in the bilayer plane must
depend on the lateral lipid-iipid interactions which, in turn, can be ex-
pected to depend on the structural similarity between the component
lipids. Furthermore, the structural parameters of phospholipid molecules

Y A. G, Lee. Biochim. Biophys Acta 472, 285 (1977).
B. G. Tenchov, Prog. Surf. Sci. 20, 273 (1983).
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Fic. 1. Phase diagrams for {A) an isomorphous system with complete miscibility in
both gel and liquid—crystalline phases, (B) a peritectic system showing extensive gel-gel
separation, and (C) a eutectic system showing partial gel-gel phase separation combined
with liquid—crystalline phase miscibility.

in the bilayer may change significantly as a function of temperature, partic-
ularly around the gel to liquid-crystalline phase transition temperature.
The mixing behavior of binary lipid systems may, therefore. be strongly
temperature dependent. For instance, the thickness of the lipid bilayer of
C(14) : CUHPC [C(X) : C{ Y)PC, saturated L-a-phosphatidylcholine having
X carbons in the sn-1 acyl chain and Y carbons in the sn-2 acyl chain)
decreases from 43 to 35 A as the temperature increases from 10° to 30°.°
In contrast, the bilayer thickness of C(18): C(10)PC lamellas increases,
albeit only slightly, with increasing temperature, changing from 33 Aat
10° to 35 A at 30°.* Based on the structural information, one can expect
that C(14) : C(14)PC and C(18): C(IOPC are most likely immiscible in the
bilayer plane at 10° owing to the large difference (10 A} in the bilayer
thickness between these two lipid systems. However, C(14) : C(14)PC and
C(18): C(MPC are expected to be miscibie at 30° owing to their identical
thickness. These expectations are indeed borne out by the eutectic phase
diagram (Fig. 1C) observed for C(14) : C(14)PC/C(18) : C(10)PC mixtures.”

The simplest mixing behavior of a binary phospholipid system is the
isomorphous system in which the component lipid A and component lipid

PM. J. Janiak, D. M. Small, and G. G. Shipley, Biocheniistry 15, 4575 (1976).
*8, W. Hui, J. T. Mason, and C. Huang, Biochemistry 23, 5570 (1984).
JH.-N. Lin and C. Huang, Bigchim. Biophys. Acta 496, 178 (1Y88).
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B are completely miscible in both gel and liquid—crystalline states over
the entire composition range (Fig. 1A). For an ideal binary system which
exhibits the simplest mixing behavior, the lateral lipid-lipid interactions
of A—B pairs are equal to those of A—~A and B—B pairs in the bilayer plane,
and, in addition, the entropy of mixing is negligible. For such an ideal
binary system, the following thermodynamic equations relating the chemi-
cal composition and calorimetric parameters of the system can be derived:

. AHg (1 I
In(X§/xp) == (i N T_B) (1)
AH, (1 1
—~ X6 ~— XLy =222
In{(I — X§)/(0 — Xp)] R (T TA) (2}
where (I — X} and Xp are the mole fractions of A and B, respectively,

X§ and X} are the mole fractions of B in the gel and liquid-crystalline
states, respectively, AH, and A Hy are the transition enthalpies of the pure
component lipids A and B, respectively, T, and Ty are the transition
temperatures of A and B in kelvins, respectively, R is the universal gas
constant, and In is logarithm to the base e.

It was first demonstrated calorimetrically by Mabrey and Sturtevant®
that binary lipid mixtures in which one component of the pair differs from
the other by only two methylene units in each of their long acyl chains
such as C(14): C(14)PC/C(16) : C(16)PC do exhibit compiete miscibility in
both gel and liquid-crystalline phases. However, the phase diagram of
stch a4 mixture constructed based on the calorimetric data does not agree
completely with the theoretical curves calculated based on Eqgs. (1yand (2)
for an ideal mixture. Specifically, the solidus and liquidus curves obtained
calorimetrically lie below the respective curves calculated for an ideal
binary mixture. This deviation from ideal mixing indicates that the transi-
tion behavior of the component lipid A (or B) is affected by the presence
of the second component lipid B (or A) in the binary mixture. Mabrey and
Sturtevant also demonstrated that as the chain length difference between
A and B is further increased, the experimental phase diagram deviates
progressively more from the calculated ideal behavior. In the case of
C(12) : C(IHPC/C(18) : C(18)PC, the shape of the phase diagram has
changed into the one characteristic of a typical peritectic system (Fig. 1B).
Consequently, nonideal mixing behavior between the component lipids in
the two-dimensional plane of the lipid bilayer in both geland liquid—crystal-
line stutes must be taken into consideration when one analyzes the shape
of phase diagrams for binary lipid mixtures. This nonideal mixing behavior

*S. Mubrey und J. M. Sturtevant. Proe. Nail. Acad. Sci U5 .A. 73, 3862 (1976).
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can be attributed primarily to the difference in the lateral repuisive
lipid-lipid interactions between the A—B pairs und those between the A~-A
and B-B pairs.

A term called the nonideality parameter, p, has been introduced by
Lee to describe the nonideality of mixing for binary lipid mixtures.' This
parameter is phase dependent and related to the lateral pair-interaction
energy between unlike pairs and between like pairs in the two-dimensional
plane of the bilayer as follows: p = Z|E,5 — § (Fs, + Egp)), where Z is
the number of nearest neighbors and E,y, E.., and Euy are the molar
interaction energies of A-B, A-A, and B-B pairs of nearest neighbors,
respectively. If the value of p is zero, it reflects a complete ideal mixing,
implying zerc enthalpy of mixing of the two component lipids. If p > 0, it
reflects the immiscibility between unlike lipids, resulting in the lateral
phase separation and domain formation of lipids of the same types: in the
case of p < 0, it reflect a *‘chessboard’” type arrangement of the component
lipids.?

Using the regular solution theory and incorporating the nonideality
parameter of p, Egs. (1) and (2) can be modified to yield Eqs. (3) and (4),
as shown below, which can be employed to simulate phase diagrams for
various binary lipid mixtures'7*¥:

AHg (1 ] 1 . . -
In(X§/Xx5) = R B (T - T_B) T plet = X7 = % = XE] ()
AH, (1 1 1
In[(1 -~ X§)/(1 — Xl = —2 (— - —) + == [pHXER — pOXEY] (4)
n[( B 3l R T T, RT[p B P )]

where p® and p' are nonideality parameters in the gef and liquid—crystal-
line phases, respectively.

Simulated phase diagrams for a given binary mixture can be generated
using Eqs. (3) and (4), provided that the calorimetric data (AH,, AHy,
T,, and Tp) of the pure component lipids are known and that the values
of p%and p’ are assigned. If the phase diagram is determined experimen-
tally, then the various simulated phase diagrams obtained systematically
by varing pY and p' can be used to compare with the experimental one.
The best-fit phase diagram will allow us to identify the basic system
parameters of p© and p' which, in turn, can provide quantitative informa-
tion regarding the degree of nonideality in the gel and liguid—crystalline
states for the binary lipid mixture under study. However, it should be

"P. J. Davis and K. M. W. Keough, Chem. Phys. Lipids 25, 299 (1984),
¥ R. Mendelsohn and C. C. Koch, Biochim. Biophys. Acta 598, 260 (1980).
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mentioned that Eqs. (3) and (4) are transcendental in nature; hence, they
require numerical methods for their solutions,

Prior to our discussion of the numerical methods which have been
successfully applied to simulate the phase diagrams for various binary
lipid systems,? it is pertinent to mention that experimental phase diagrams
of phospholipid systems are most commonly obtained using high-resolu-
tion differential scanning calorimetry (DSC).!® Aqueous dispersions of
binary lipid mixtures of various molar ratios are first incubated extensively
at a given low temperature; the lipid samples are then subjected to DSC
heating scans at slow scan rate of 10°~15°hr. The phase transition curves
in these DSC scans are used to construct the solidus and liquidus curves
of the phase diagram. Specifically, the transition peak in each DSC curve
obtained at a given mole fraction of one of the lipid mixtures has character-
istic onsct and completion temperatures positioned at the beginning and
cnding of the transition peak, respectively. The phase diagram is con-
structed by plotting the onset and compiction temperatures, after proper
correction for the finite width of the transition peaks of the pure compo-
nents.® as a function of the relative concentration of the higher melting
component. The onset and completion temperature points then define the
solidus and liquidus curves, respectively. of the temperature-composition
phase diagram of the binary lipid mixture.

Numerical Methods

Given data in the form of onset and completion temperatures at various
mole fractions ranging between 0.0 (pure lower-melting compoenent) and
1.0 {pure higher-melting component), the goal is to find a mathematical
model which accurately reproduces the phase behavior of the system.
Based on previous work it appeared that the model of Lee [Egs. (3)
and (4)] using regular solution theory could provide a reasonable fit to
moderately complex phase behavior. Davis and Keough,? for example,
developed a computer program based on these equations which allowed
them to adjust interactively the two parameters pl and p% in the equations
until a visual fit to a given phase diagram was achieved. We could not find
in the literature, however, any examples of parameter estimation carried
out in such a way as to provide, along with values of the parameters,
accompanying estimates of the associated errors. We therefore decided to
explore the technique of nonlinear least-squares parameter estimation for
analyses of phase diagrams.

® E. E. Brumbaugh, M. L. Johnson, and C. Huang, Chem. Phvs. Lipids 52, 69 (1990).
" S. Mabrey-Gaud, in *'Liposomes: From Physical Structure to Therapeutic Applications'
(C. G. Knight, ed.), p. 105, Elsevier/North-Holland, Amsterdam and New York, 1981.
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Nonlinear least-squares parameter ¢stimation methods and algorithms
designed to carry out those methods are described in detail carlier in this
volume, The remainder of this chapter deseribes a specific application of
a program (NONLIN) developed by Michael L. Johnson.

The structure of NONLIN requires for ¢ach application a FORTRAN
subroutine which evaluates the mathematical model being tested as a
description of the experimental data. This model generally contains, 1n
addition to independent and dependent variables, other parameters, at
feast one of which is not experimentally available but is to be estimated
numerically. When the model consists of a single equation (as, for exam-
ple, in the analysis of kinetic data using sums of exponential decays). the
subroutine is simply a FORTRAN coding of the equation itsclf, along with
a bit of bookkeeping to designate which parameter(s) are to be estimated.
Starting with values supplied by the user (some of which must be guesses)
the main program systematically varies the parametcr(s), then uses values
of the function returned by the subroutine for each case of the independent
variable (giving predicted values of the corresponding dependent vari-
ables) to determine estimates of the parameter(s) which minimize the
variance between the predicted and experimental values.

Transformation of Model

Equations (3) and (4), as written, do not readily lend themselves to
coding as 4 function for the least-squares minimization program: the de-
pendent variables (onset and completion temperatures) do not appear
explicitly as functions of concentration; instead, a single temperature
appears as a function of both concentrations in both equations. We there-
fore used the following strategy in creating a function evaluator for the
NONLIN program.

Equations (3) and (4) can be recast as follows:

_ A+ pHE — X5 - %0 — X§)
! AHG/ Ty — RIn(XE/XE)

5)

oo AHA ¥ PR - p XY
2T AHLIT, - RIn(l — XEM(1 — X§)

(6)

In this form, predicted temperature has been isolated on the left-hand
side of both equations. This temperature (which is gither an onset or a
completion temperature) must be the same in both equations when evalu-
ated at a given data point.

For any given data point, only one of the two concentrations is known.
The other concentration, however, can be determined using the above
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temperature equality as a goal: the evaluation routine must find a value
for the unknown concentration which gives a consistent temperature in
both equations. That temperature can then be returned to the main
program.

Our function evaluator, then, is really a subprogram which is consider-
ably more complicated than a one-line equation. However, as long as a
single dependent variable prediction is produced for each experimental
point, no modifications need be made in the NONLIN main program. A
slight amount of bookkeeping is needed to inform the subroutine whether
X or X is the known concentration (i.¢., whether the temperature falls
on the solidus or liquidus). This is readily accomplished by including for
cach point in the data file an integer which tells the subroutine to use one
of two code segments.

Search Algorithm

In our evaluation routine, a search for the unknown concentration
proceeds in a binary fashion. If, for example, X is the known concentra-
tion (i.c., the data point falls on the liquidus curve), the difference (AT)
between Egs. (5) and (6) is determined for a value of X© which very close
to zero (107%); then X is given a value of 0.5, and the resulting AT is
compared to the previous difference. If the sign has changed, then there
must be a concentration int the range 0 < X6 < 0.5 which causes the two
equations to become equal. If the sign is the same, AT is determined at
XY = 0.75, etc. At each stage the test interval is divided in half, succes-
sively bracketing the commen solution into smaller intervals. The scarch
ends when the interval becomes less than a specified tolerance (usually
10-%), and the resulting value of T is then returned to the main program.

This search algorithm will occasionally fail to find the correct tempera-
ture, but these cases can be detected visually since the main program also
uses the subroutine to plot the resulting fitted curve through the data points
(in addition to its use in finding the variance). The symptom of search
failure is a discontinuity in one of the plotted curves. Examination of the
functions represented by Egs. (5) and (6) shows that, in these cases,
there are multiple points at which the two curves cross (see Fig. 2).
The discontinuities occur when an incremental change in the independent
variable (X" in the above example) causes one of the intersections to move
1o the opposite side of the 0.5 initial guess; the interval-dividing routine
then moves to the other side of the boundary, and if there is a second
crossing between 0.5 and 0.99999999 the algorithm will *jump’’ to that
other (spurious) solution. A small amount of intelligence has been incorpo-
rated into the subroutine to detect this type of situation, and the scarch is
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Lies. 2. Curves produced by Egs. €3) and (4) using p! = 1.5, pl = 2.5, A0, = 5.

AHg = 8, T, = 298, Tp = 292. X" was fixed at a value of 0.8, while 0.0 < XU <o

forced to start again in the opposite direction (where it then finds the
correct solation). The criteria for detection were discovered by exhaustive
examination of the separate curves for several *“pathological™” cases. (In
Fig. 2 the two curves move vertically in relation to each other as the
“fixed” concentration is changed, causing the intersections to move along
the concentration axis.)

Estimation of Paramelers

{n the above equations there appear, in addition to the independent
{x", X% and dependent (T) variable and the gas constant (R), a total of
six parameters in three pairs: (a) T, and Ty are the melting temperatures
for the pure lipid species (with A as the higher-melting component), (b)
AH, and AHy are the transition enthalpies for the pure components, and
(c) p* and pS arc “‘nonideal’” energies which represent the interactions
between the lipid components in the mixture. Pairs (a) and (b) are typically
determined during the experiment, and it is pair (¢) which is estimated from
nonlinear minimization. Because the NONLIN program accommodates an
arbitrary number of fitted parameters, we allow for the possibility that any
of the above six parameters be permitted to **float”” during the minimiza-
tion process. This can provide independent verification of the experimental
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£16. 3. Phase diagram grid showing the effect of systematic changes in the parameters pt
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values (e.g., by beginning the fitting process with a “‘bad™ guess for one
of the temperatures) and allows one to use data where for some reason
enthalpies and/or pure melting temperatures are not available.

The overall program is interactive in the sense that the eftect of agiven
combination of parameters “‘floating’” may be tested first visually and then
more critically by examining the goodness-of-fit information supplied by
NONLIN. The most useful criterion is usually the variance: we look for
combinations of parameters which give a markedly lower variance after
minimization,

With a new set of phase data, an analysis typically begins by allowing
onty the nonideal energies to be varied. Then, when the program has found
the best values for those parameters, T, and Ty are varied also. Those
four **best”® values are then used as new starting guesses, and the enthal-
pies also are permitied to change. An excellent test for local minima is
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FiG. 4. Onset and completion temperatures for a mixture of Cr10}: C(22)PC and
C(22): C(12)PC are plotied along with the curves predicted from least-squares parameter
estimation. The parameters are given in Table 1.

provided by a comparison of these results with the estimates obtained
when all of the values are allowed to float from the six starting values (the
experimental values for Tand A H and the original guesses for p). If various
sirategies all appear to converge to the same estimated values, one gains
additional confidence in their validity.

TABLE I
FITTED PARAMETERS AND CONFIDENCE INTERVALS FOR DATA OF FIG. 4°

Parameter

or interval pb p" AH, AHg T, Ty
Upper limit 0.675 0.685 - — 315.93 311.28
Parameter value 0.517 0.531 13.1 12.5 315.79 311.23
Lower limit 0.363 0.385 — — 315.65 311.07

2 If no limits are given, that parameter was held constant at the value shown, The variance
of the fit was 0.009 with 14 degrees of freedom.



